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Abstract
In this paper we consider tree-level gauge invariant off-shell amplitudes (Wil-
son line form factors) in N = 4 SYM with arbitrary number of off-shell gluons or
equivalently Wilson line operator insertions. We make a conjecture for the Grass-
mannian integral representation for such objects and verify our conjecture on several
examples. It is remarkable that in our formulation one can consider situation when
on-shell particles are not present at all, i.e. we have Grassmannian integral represen-
tation for purely off-shell object. In addition we show that off-shell amplitude with
arbitrary number of off-shell gluons could be also obtained using quantum inverse
scattering method for auxiliary gl(4|4) super spin chain.
Keywords: super Yang-Mills theory, off-shell amplitudes, form factors, correlation
functions, Wilson lines, superspace, reggeons, spin chains
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1 Introduction
Following Witten’s twistor string theory [1] we have witnessed an enormous progress in
understanding the structure of S-matrix of N = 4 SYM as well as other gauge theories
(see [2, 3] for a review). The central role in these achievements was played by newly
developed computational methods, such as BCFW recursion [4,5] for tree amplitudes and
generalized unitarity (see [2] and references therein) for loop amplitudes. The power of
the mentioned on-shell methods is largely due to the introduction of new variables, such
as helicity spinors, momentum twistors [6], link variables [7] together with an extensive
use of superspace methods [8, 9]. The use of on-shell methods resulted in the explicit
answers for amplitudes both at high orders of perturbation theory and/or with large
number of external legs (see [2, 3] for a review and reference therein). The latter have
led to several important all-loop conjectures as well as to the discovery of underlying
integrable structure of N = 4 SYM S-matrix [10–19]. We should mention an important
research direction originated with the connected RSV prescription [20, 21]. Within the
latter N = 4 SYM amplitudes are expressed in terms of the localized integrals over the
moduli space of n-punched Riemann spheres. The next progress along this direction was
due to the introduction of scattering equations [22–26], which were later generalized to
loop level [27–30] and derived from ambitwistor string theory [31].
Another novel and important direction in the study of scattering amplitudes is related
to their Grassmannian integral representation [32–37]. It does not only naturally unifies
different BCFW representations for tree level amplitudes and loop level integrands [32,33],
but also played a key role in the discovery and study of the integrable structure behind
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N = 4 SYM S-matrix [15, 38, 39]. Moreover, this Grassmannian integral representation
also naturally relates perturbative N = 4 SYM and twistor string theories amplitudes [36].
In addition a possible geometrical interpretation of N = 4 SYM S-matrix (so called
Amplituhedron) was discovered just with the use of Grassmannian picture [6, 40–46].
The on-shell methods were also successfully applied to partially off-shell objects, such
as form factors inN = 4 SYM theory [47–75]. The latter may be viewed as the amplitudes
of the processes, in which classical field coupled through gauge invariant operator O
produces an on-shell quantum state. Grassmannian representation is no exception and
can be applied to form factors as well [76–79].
Another interesting off-shell objects, which will be the subject of the present paper,
are gauge invariant off-shell amplitudes [80–88] (also known as reggeon amplitudes within
the context of Lipatov’s effective lagrangian), which one encounters within kT - or high-
energy factorization approach [89–92] as well as in the study of processes at multi-regge
kinematics. For other studies of off-shell currents and amplitudes see [93–97]. In the
study of form factors we are dealing with local gauge invariant color singlet operators, for
example operators from stress-tensor operator supermultiplet [47–51, 99–102]. However,
we may consider also gauge invariant non-local operators, for example Wilson loops (lines)
or their products. This way we may consider gauge invariant off-shell amplitudes as
form factors of Wilson line operators or their products [80–88]. An insertion of Wilson
line operator corresponds to the off-shell or reggeized gluon in such formulation. In our
previous paper [103] we presented a conjecture for Grassmannian integral representation
of gauge invariant off-shell amplitudes with one leg off-shell and shown how they could be
described in a language of auxiliary gl(4|4) super spin chain. The purpose of this paper
is to extend the results of [103] to the case of amplitudes with multiple off-shell gluons.
This paper is organized as follows. In section 2 after recalling necessary definitions
we formulate a conjecture for Grassmannian integral representation of gauge invariant
amplitudes with multiple off-shell gluons. Here we also formulate a hypothesis for the
structure of on-shell diagrams for off-shell amplitudes. The appendix A contains a check
of the latter in the case of 3-point amplitude with two off-shell gluons. In section 3 we use
explicit examples with known BCFW answers [80] to perform checks of our conjecture.
The explicit calculations are performed using both spinor helicity and momentum twistor
representations. Section 4 is devoted to the auxiliary spin chain description of the off-shell
amplitudes and finally we come with our conclusion.
3
2 Gauge invariant off-shell amplitudes and regulated
integral over Grassmannian
One way to define gauge invariant amplitudes containing off-shell gluons is in terms of
form factors of Wilson line operators [86]:
Wcp(k) =
∫
d4xeix·kTr
{
1
πg
tc P exp
[
ig√
2
∫ ∞
−∞
ds p · Ab(x+ sp)tb
]}
. (2.1)
Here tc are SU(Nc) generators
1 and we also assumed so called kT - decomposition of the
off-shell gluon momentum k, k2 6= 0:
kµ = xpµ + kµT , (2.2)
where p is the gluon direction (also known as the off-shell gluon polarization vector), such
that p2 = 0, p · k = 0 and x ∈ [0, 1]. There is a freedom in such decomposition, which
could be parametrized by an auxiliary light-like four-vector qµ, so that
kµT (q) = k
µ − x(q)pµ with x(q) = q · k
q · p and q
2 = 0. (2.3)
Using the fact, that now kµT is transverse both with respect to p
µ and qµ vectors, the off-
shell gluon transverse momentum kµT could be expanded in the basis of two “polarization”
vectors2 as [80]:
kµT (q) = −
κ
2
〈p|γµ|q]
[pq]
− κ
∗
2
〈q|γµ|p]
〈qp〉 with κ =
〈q|/k|p]
〈qp〉 , κ
∗ =
〈p|/k|q]
[pq]
. (2.4)
It is easy to see, that k2 = −κκ∗ and using Schouten identities it could be shown, that
both κ and κ∗ are independent of auxiliary four-vector qµ [80]. Another useful relation,
which follows directly from kT decomposition and will be used often in what follows, is
given by
k|p〉 = |p]κ∗. (2.5)
Note, that Wilson line operator we use to describe off-shell gluon is colored. It is invari-
ant δWcp(k) = 0 under local infinitesimal gauge transformations δAµ = [Dµ, χ] with χ
vanishing at infinity x→∞. At the same time it transform in the adjoint representation
under global SU(Nc) transformations with constant χ as [82, 83]:
δWp(k) = g[Wp(k), χ]. (2.6)
1The color generators are normalized as Tr(tatb) = δab
2Here we used helicity spinor decomposition of light-like four-vectors p and q.
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Using Wilson line operator defined above the gauge invariant amplitude with one
off-shell and n on-shell gluons can be written as [86]:
An+1
(
1±, . . . , n±, g∗n+1
)
= 〈{ki, ǫi, ci}mi=1|Wcn+1p (k)|0〉 (2.7)
Here asterisk denotes an off-shell gluon and p, k, c are its direction, momentum and
color index correspondingly. Next 〈{ki, ǫi, ci}mi=1| =
⊗m
i=1〈ki, εi, ci| and 〈ki, εi, ci| denotes
on-shell gluon state with momentum ki, polarization vector ε
−
i or ε
+
i and color index ci.
Amplitudes with multiple off-shell gluons can be represented in a similar fashion:
Am+n
(
1±, . . . , m±, g∗m+1, . . . , g
∗
n+m
)
= 〈{ki, ǫi, ci}mi=1|
n∏
j=1
Wcm+jpm+j (km+j)|0〉, (2.8)
where pi is the direction of the i’th (i = 1, ..., n) off-shell gluon and ki is its momentum.
As a function of kinematical variables this function is given by
Am+n
(
1±, . . . , g∗n+m
)
= Am+n
(
{λi, λ˜i,±, ci}mi=1; {kj, λp,j, λ˜p,j, cj}m+nj=m+1
)
, (2.9)
where λp,j, λ˜p,j are spinors coming from helicity spinor decomposition of of j’th Wilson
line direction vector pj . Note, that we can consider a situation where only off-shell gluons
are present (correlation function of Wilson line operators):
A0+n (g∗1 . . . g∗n) = 〈0|Wc1p1(k1) . . .Wcnpn (kn)|0〉. (2.10)
In practical calculations it is more convenient to deal with the color ordered versions
of the above amplitudes. The original amplitudes are then recovered through the color
decomposition3:
A∗n+m(1±, . . . , m±, g∗m+1, . . . , g∗m+n) = gn−2
∑
σ∈Sn+m/Zn+m
tr (taσ(1) · · · taσ(n))×
× A∗n+m
(
σ(1±), . . . , σ(g∗n+m))
)
. (2.11)
Here Sn+m is the set of all permutations of n+m objects and Zn+m is the subset of cyclic
permutations. We will also sometimes write g±i instead of i
± to denote on-shell gluon to
make some formulas more transparent.
In the case of N = 4 SYM one can also consider other then gluons on-shell states from
N = 4 supermultiplet. The way to do it is to combine all sixteen on-shell states of N = 4
SYM into one on-shell chiral superfield [8]:
Ω = g+ + η˜Aψ
A +
1
2!
η˜Aη˜Bφ
AB +
1
3!
η˜Aη˜Bη˜Cǫ
ABCDψ¯D +
1
4!
η˜Aη˜Bη˜C η˜Dǫ
ABCDg−, (2.12)
3See for example [98, 103].
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where g+, g− denote creation/annihilation operators of gluons with +1 and −1 hecilities,
ψA are creation/annihilation operators of four Weyl spinors with negative helicity −1/2,
ψ¯A are creation/annihilation operators of four Weyl spinors with positive helicity and φ
AB
stand for creation/annihilation operators of six scalars (anti-symmetric in the SU(4)R R-
symmetry indices AB). In what follows we will also need superstates defined by the
action of superfield creation/annihilation operators on vacuum. For n-particle superstate
we have 〈Ω1Ω2 . . .Ωn| ≡
⊗n
i=1〈0|Ωi and corresponding N = 4 SYM superamplitudes
could be written as
A∗m+n
(
Ω1, . . . ,Ωm, g
∗
m+1, . . . , g
∗
n+m
)
= 〈Ω1 . . .Ωm|
n∏
j=1
Wpm+j(km+j)|0〉, (2.13)
where the explicit dependence of A∗m+n
(
Ω1, . . . , g
∗
m+n
)
amplitude on kinematical variables
is given by
A∗m+n
(
Ω1, . . . , g
∗
m+n
)
= A∗m+n
(
{λi, λ˜i, η˜i}mi=1; {ki, λp,i, λ˜p,i}m+ni=m+1
)
. (2.14)
This object contains not only amplitudes with on-shell gluons, but also all amplitudes with
other on-shell states from N = 4 supermultiplet. The spinors λi, λ˜i encode kinematics
of on-shell states, while η˜i encodes their helicity content. Off-shell momentum ki and
light-cone direction vector pi = λp,iλ˜p,i encode information about Wilson line operator
insertion. So, in what follows we are considering partially supersymmetrized version of
(2.8) with on-shell states treated in supersymmetric manner, while Wilson line operators
(”off-shell states”) left unsupersymmetrized. The amplitudes with gluons, scalars, etc.
(”component amplitudes”) can then be extracted as coefficients in η˜ expansion of A∗m+n
amplitude similar to the case of ordinary on-shell amplitudes and super form factors.
1∗
2
3
−→ Reg.(1) 1∗
2
3
Figure 1: Off-shell 3-point vertex A∗2+1
The color ordered versions of all types of off-shell gauge invariant amplitudes con-
sidered before could be efficiently computed using an off-shell generalization [80, 81] of
the original on-shell BCFW recursion [4, 5]. Later in [103] we presented a conjecture
for Grassmannian integral representation of tree level color ordered version of (2.7) am-
plitude A∗k,n+1 (here
4 k is related to overall helicity λΣ of on-shell particles given by
4We hope that k here will not be confused with the off-shell gluon momentum introduced before and
its precise meaning will be always clear from the context.
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λΣ = n + 2− 2k). In our consideration in [103] n on-shell particles were treated in man-
ifestly supersymmetric way, while the off-shell gluon remained unsupersymmetrized. To
be more explicit5, let us consider the following Grassmannian integral over Gr(n+ 2, k):
Ωkn+2[Γ] =
∫
Γ
dk×(n+2)C
Vol[GL(k)]
Reg.
δk×2 (C · λ˜) δk×4 (C · η˜) δ(n+2−k)×2 (C⊥ · λ)
(1 · · ·k) · · · (n + 1 n+ 2 · · · k − 2)(n+ 2 1 · · ·k − 1) ,
(2.15)
where
Reg. =
〈ξp〉
κ∗
(n+ 2 1 · · ·k − 1)
(n+ 1 1 · · ·k − 1) , (2.16)
and external kinematical variables are defined as
λi = λi, i = 1, . . . n, λn+1 = λp, λn+2 = ξ,
λ˜i = λ˜i, i = 1, . . . n, λ˜n+1 =
〈ξ|k
〈ξp〉 , λ˜n+2 = −
〈p|k
〈ξp〉 ,
η˜i = η˜i, i = 1, . . . n, η˜n+1 = η˜p, η˜n+2 = 0.
(2.17)
Here k is the off-shell gluon momentum. It is also assumed, that the off-shell momentum
k is kT decomposed (2.2), so that p = λpλ˜p and q = ξξ˜. We claim, that making an
appropriate choice of integration contour Γ, which is likely to be given by ”tree contour”
Γtree [32] of n+2 point N
k−2MHV on-shell amplitude, the gauge invariant amplitude with
one gluon off-shell and n on-shell particles in N = 4 SYM could be written as [103]:
A∗k,n+1(Ω1, . . . ,Ωn, g
∗
n+1) =
∂4
∂η˜4p
Ωkn+2[Γtree] (2.18)
This relation was successfully verified for arbitrary n and k = 2, 3. The factor Reg. in
(2.15) can be considered as a deformation or IR regulator of the Grassmannian integral
for on-shell amplitudes. Namely, the Grassmannian integral representation of on-shell
amplitude Akn is given by (Γ = Γtree):
Lkn[Γ] =
∫
Γ
dk×nC
Vol[GL(k)]
δk×2
(
C · λ˜
)
δk×4 (C · η˜) δ(n−k)×2 (C⊥ · λ)
(1 · · ·k) · · · (n− 1 n · · · k − 2)(n 1 · · ·k − 1) . (2.19)
As it is known, this integral is singular in the holomorphic soft limit (we take limit p→ 0
such that for p = λλ˜, λ 7→ ǫλ and λ˜ 7→ λ˜ and ǫ → 0) with respect to any momentum of
external on-shell particle pi. The behavior of the integral in such limit is controlled by
soft theorems [104–120]. The same behavior also holds for the holomorphic soft limit with
respect to the on-shell momenta of the Ωkn+2 Grassmannian integral. The soft behavior of
5We refer the interested reader to [103] for more details.
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the amplitude with one gluon off-shell A∗k,n+1 with respect to the holomorphic soft limits
of the on-shell variables p and q parameterizing off-shell gluon is however different. In
this limit it must be regular and the following relation should hold6 (q = ξξ˜, ǫ→ 0)
A∗k,n+1
∣∣∣
ξ 7→ǫξ
=
1
κ∗
Akn+1 +O(ǫ), (2.20)
with the helicity of the on-shell gluon with momentum pn+1 = p equal to−1. The behavior
of the Ωkn+2 with respect to such limit is similar [103]:
Ωkn+2[Γtree]
∣∣∣
ξ 7→ǫξ
=
1
κ∗
Lkn+1[Γ
′
tree] +O(ǫ), (2.21)
where contours Γtree and Γ
′
tree are identical except that Γtree include poles at the zeros
of the minors7 (n− k + 4 · · ·1) up to (n + 1 · · ·k − 3). The insertion of Reg. function is
exactly what gives the desired behavior of Ωkn+2 and in fact the form of Reg. function can
be fixed by this requirement.
1
3
2
4
=
1
3
2
4
1
3
2
4
=
4
2 1
3
=
4
2 1
3
a) b)
4
2 1
3
=
4
2 1
3
c)
Figure 2: Equivalence moves for on-shell diagrams: a) square move, b) merge/unmerge
move for black nodes (similar for white nodes), c) bubble reduction.
We are expecting the same property of regularity in the holomorphic soft limits with
respect to variables parameterizing off-shell gluons also in the case of gauge invariant
amplitudes with several off-shell gluons (Wilson line insertions) A∗k,m+n (which is color
ordered version of (2.8) and k is related to the total helicity λΣ of on-shell particles as
λΣ = m − 2k + 2n). Namely, the amplitude should be regular in the limit ξj 7→ ǫξj,
ǫ → 0, j = 1, . . . , n where ξj is the spinor associated with the auxiliary vector qi from
6See [103] for more details.
7See [103] and [120] for details
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kT decomposition of i’th off-shell gluon momentum ki. If the Grassmannian integral
description is possible for such objects, then the Grassmannian integral should be regular
in corresponding limits. Here we want to conjecture a representation for such integral
using this regularity requirement. Moreover, we want to describe the external kinematical
data in a way similar to the case of one off-shell gluon. The last requirement suggests that
we should consider integral over Gr(k,m+ 2n) Grassmannian, where m is the number of
on-shell momenta, and n is the number of off-shell onces.
In the case of amplitudes with one off-shell gluon A∗k,n+1 integrands of corresponding
Grassmannian integrals (2.15) contained products of delta functions of linear combinations
of kinematical data and Grassmannian local coordinates (given by elements of C matrix)
together with the product of consecutive minors of C matrix identical to the case of the
Grassmannian integral Lkn+2[Γ]:
δk×2
(
C · λ˜
)
δk×4 (C · η˜) δ(n+2−k)×2 (C⊥ · λ)
(1 · · ·k) · · · (n + 1 n+ 2 · · · k − 2)(n + 2 1 · · ·k − 1) . (2.22)
We want to use similar ingredients also in the case of n off-shell gluons. In addition
we need an insertion of some regulating function Reg(m + 1, . . . , m + n). which should
regulate holomorphic soft limit behavior with respect to ξj variables. Thus, we are going
to consider Grassmannian integral of the form
Ωkm+2n[Γ] =
∫
Γ
dk×(m+2n)C
Vol[GL(k)]
Reg.(m+ 1, . . . , m+ n)×
× δ
k×2 (C · λ˜) δk×4 (C · η˜) δ(m+2n−k)×2 (C⊥ · λ)
(1 · · ·k) · · · (m · · ·m+ k − 1)(m+ 1 · · ·m+ k) · · · (m+ 2n · · ·k − 1) ,
(2.23)
where external kinematical variables are chosen as
λi = λi, i = 1, . . .m, λm+2j−1 = λpj , λm+2j = ξj, j = 1, . . . n,
λ˜i = λ˜i, i = 1, . . .m, λ˜m+2j−1 =
〈ξj|km+j
〈ξjpj〉 , λ˜m+2j = −
〈pj |km+j
〈ξjpj〉 , j = 1, . . . n,
η˜i = η˜i, i = 1, . . .m, η˜m+2j−1 = η˜pj , η˜m+2j = 0, j = 1, . . . n,
(2.24)
and Reg.(m + 1, . . . , m + n) is some function of local Grassmannian coordinates and
external kinematical variables which should regulate the soft limits ξj 7→ ǫξj, ǫ→ 0, j =
1, . . . , n. Based on our results in the n = 1 case, we conjecture that Reg.(m+1, . . . , m+n)
function should have factorized form8 given by the product of Reg. functions from n = 1
8The numeration of columns in minors is understood up mod(n+ 2m).
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case:
Reg.(m+ 1, . . . , m+ n) =
n∏
j=1
Reg(j +m),
Reg.(j +m) =
〈ξjpj〉
κ∗j
(2j +m 2j + 1 +m · · · 2j + k − 1 +m)
(2j − 1 +m 2j + 1 +m · · · 2j + k − 1 +m) . (2.25)
Direct evaluation of this Grassmannian integral for some explicit examples, presented in
next section, show that indeed it is likely to be the correct representation for A∗k,m+n. That
is, we want to show that given an appropriate choice of integration contour Γ = Γtree the
following identity holds
A∗k,m+n(Ω1, . . . ,Ωm, g
∗
m+1, . . . , g
∗
m+n) =
n∏
j=1
∂4
∂η˜4pj
Ωkm+2n[Γtree]. (2.26)
Here, as before, Ωi is an i-th on-shell N = 4 chiral superfield and g∗j are off-shell gluons
(Wilson line operator insertions). In addition, it is likely that Γtree can be chosen identical
to the case of Ak,m+2n on-shell amplitude at least in some cases.
1
2∗3∗ −→
1
2∗3∗
−→
1
2∗3∗ −→
1
2∗3∗
Figure 3: On-shell diagram transformations for A∗1+2
In [103] we have also shown9, that on-shell diagrams for scattering amplitudes with one
leg off-shell are given by corresponding on-shell diagrams for on-shell scattering amplitudes
with one of the vertexes exchanged for off-shell vertex, see Fig. 1. We expect that in the
9See also the similar discussion for the case of form factors in [76–79]
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case of several off-shell legs the corresponding on-shell diagrams could be also obtained by
similar procedure, that is exchanging on-shell vertexes containing off-shell legs with off-
shell vertexes. Recalling our cutting and gluing procedure from [103] it is easy to convince
yourself that it is true in a case when off-shell legs are separated by on-shell ones. In a case
when off-shell legs stay next to each other it is not as obvious. To see that it is actually
the case, let us consider as example 3-point amplitude with two legs off-shell. In this case
the corresponding on-shell diagram is the first diagram in Fig. 3 times the corresponding
Reg. function (product of Reg. functions from two off-shell vertexes). The latter could
be taken out of integration sign10, while the original off-shell diagram is reduced (see
Fig. 3) to the on-shell diagram corresponding to our Grassmannian representation using
equivalence moves from Fig. 2.
Finally, to end this section, we would like to stress the following feature of our conjec-
ture. Namely, we may consider the situation when there are no external on-shell degrees of
freedom at all (m = 0). In this case we obtain the Grassmannian integral representation
of color ordered correlation function of Wilson line operators (2.10):
A∗n(g
∗
1, . . . , g
∗
n) =
n∏
j=1
∂4
∂η˜4pj
Ωn2n[Γtree]. (2.27)
3 Examples and checks
Now we are going to reproduce results of BCFW recursion [80] for different off-shell
amplitudes containing multiple off-shell gluons. We will start with calculations using
spinor helicity representation and later see how similar computations could be performed
using momentum twistor representation.
3.1 spinor helicity representation
Let us first consider the simplest cases when Grassmannian integral fully localizes on
delta functions. In the case of A∗k,1+2(g
+
1 , g
∗
2, g
∗
3) amplitude k = 2 and the corresponding
Grassmannian integral is given by
Ω21+4 =
∫
d2×5C
Vol[GL(2)]
Reg.(2)Reg.(3)
δ2×2 (C · λ˜) δ2×4 (C · η˜) δ3×2 (C⊥ · λ)
(12)(23)(34)(45)(51)
. (3.28)
Here we integrate over Gr(2, 5) Grassmannian and the integral is fully localized on delta
functions, so that the choice of integration contour prescription could be skipped. The
Reg. functions are given by (m = 1)
Reg.(2) =
〈p2ξ2〉
κ∗2
(34)
(24)
, Reg.(3) =
〈p3ξ3〉
κ∗3
(51)
(41)
. (3.29)
10See appendix A for details.
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Solving delta function constraints we get
3∏
j=2
∂4
∂η˜4pj
Ω21+4 = δ
4
(
5∑
i=1
λiλ˜i
)
〈p2ξ2〉
κ∗2
〈34〉
〈24〉
〈p3ξ3〉
κ∗3
〈15〉
〈14〉
〈24〉4
〈12〉〈23〉〈34〉〈45〉〈51〉. (3.30)
Now, we should comment on the conventions used for spinor products. First, we label all
products of ǫαβλ
α
i λ
β
j and ǫα˙β˙λ˜
α˙
i λ˜
β˙
j spinors as 〈ij〉 and [ij]. Next, to obtain final expressions
we need to use spinor redefinitions from (2.24). In the present case with m = 1 and n = 2:
λ1 = λ1 and spinors λi with i = 2, . . . , 5 are expressed in terms of ξ1+j , λp1+j , j = 1, 2.
We will also use bra and ket notation for spinors λi ≡ |i〉, λ˜i ≡ |i] sometime when it will
make formulas more clear. Taking into account kT decomposition of off-shell momenta k2
and k3 the above expression for Ω
2
1+4 is rewritten as (here and below pi = λiλ˜i, p
2
i = 0,
k2i 6= 0)
3∏
j=2
∂4
∂η˜4pj
Ω21+4 = δ
4(p1 + k2 + k3)
〈p2ξ2〉〈p3ξ3〉
κ∗2κ
∗
3
〈p2p3〉4
〈1p2〉〈p2ξ2〉〈p2p3〉〈p3ξ3〉〈1p3〉 , (3.31)
which is exactly the result of BCFW recursion from [80]:
A∗2,1+2(g
+, g∗2, g
∗
3) = δ
4(p1 + k2 + k3)
1
κ∗2κ
∗
3
〈p2p3〉3
〈1p2〉〈p31〉 . (3.32)
As we already said before, the off-shell gluons could be actually arbitrary distributed
among on-shell ones. The general formula for such configurations will look rather compli-
cated, but particular examples are not. As an example, let us reproduce known answer
for
A∗k,n+2(g
∗
1, g
+
2 , . . . , g
+
i−2, g
∗
i−1, g
+
i , . . . , g
+
n )
amplitude. As before k = 2 and we are integrating over Gr(2, n + 4) Grassmannian.
In this case the integral is also localized on delta functions (note that in this particular
example we use different labels for Reg. functions compared to other examples since the
positions of off-shell gluons are different) and is given by
Ω2n+4 =
∫
d2×(n+4)C
Vol[GL(2)]
Reg.(1)Reg.(i− 1) δ
2×2 (C · λ˜) δ2×4 (C · η˜) δ(n+2)×2 (C⊥ · λ)
(12)(23) . . . (ii+ 1)(i+ 1i+ 2) . . . (n+ 41)
,
(3.33)
with
Reg(1). =
〈p1ξ1〉
κ∗1
(23)
(13)
, Reg(i− 1). = 〈pi−1ξi−1〉
κ∗i−1
(i+ 1i+ 2)
(ii+ 2)
. (3.34)
Evaluating the above integral we get (for saving space we skip momentum conservation
delta function δ4(k1 + p2 + . . .+ pi−2 + ki−1 + pi + . . .+ pn))∏
j=1,i
∂4
∂η˜4pj
Ω2n+4 =
〈p1ξ1〉
κ∗1
〈23〉
〈13〉
〈pi−1ξi−1〉
κ∗i−1
〈i+ 1i+ 2〉
〈ii+ 2〉
〈1i〉4
〈12〉〈23〉 . . . 〈ii+ 1〉〈i+ 1i+ 2〉 . . . 〈n+ 41〉 ,
(3.35)
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which after relabeling spinor variables
λ1 λ2 λ3 . . . λi−1 λi λi+1 λi+2 . . . λn+4
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
λp1 ξ1 λ2 . . . λi−2 λpi−1 ξi−1 λi . . . λn
(3.36)
can be rewritten as
∏
j=1,i
∂4
∂η˜4pj
Ω2n+4 =
1
κ∗1κ
∗
i−1
〈p1pi−1〉4
〈p12〉〈23〉 . . . 〈i− 2pi−1〉〈pi−1i〉 . . . 〈np1〉 , (3.37)
The latter result is in agreement with the result of BCFW recursion from [80]
A∗2,n+2(g
∗
1, g
+
2 , . . . , g
+
i−2, g
∗
i−1, g
+
i , . . . , g
+
n ) =
1
κ∗1κ
∗
i−1
〈p1pi−1〉4
〈p12〉〈23〉 . . . 〈i− 2pi−1〉〈pi−1i〉 . . . 〈np1〉 .
(3.38)
Form this example it should be now clear what steps should be performed to include
extra off-shell gluons (Wilson line operators insertions) in the presented Grassmannian
integral representation for off-shell amplitudes. Namely, one have to consider Grassman-
nian integral representation for the m+ 2n point on-shell amplitude Lkm+2n[Γ] (m and n
are numbers of on-shell and off-shell states we are interested in). Next, one have to choose
a pair of consecutive minors (i i+ 1 . . . , i+ k− 1) and (i+ 1 i+ 2, . . . , i+ k). and add to
the integrand of Lkm+2n[Γ] integral factor
〈ξjpj〉
κ∗j
(i+ 1 i+ 2, . . . , i+ k)
(i i+ 2, . . . , i+ k)
, (3.39)
together with replacement of spinors λl, λ˜l, η˜l, l = i, i+ 1 with
λi λi+1 λ˜i λ˜i+1 η˜i η˜i+1
↓ ↓ ↓ ↓ ↓ ↓
λpj ξj
〈ξj |kj
〈ξjpj〉
− 〈pj |kj
〈ξjpj〉
η˜pj 0
(3.40)
Here kj is the momentum for the j-th off-shell gluon and the label j should be chosen in
such a way that the consecutive numeration of particle momenta is restored. All other
spinor labels should be relabeled accordingly. To obtain n off-shell gluon insertions this
operation should be repeated n− 1 times. This way (2.23) shows the result of these steps
when off-shell gluons are inserted ”one after another”.
Next, let us consider A∗k,1+2(g
−
1 , g
∗
2, g
∗
3) amplitude. In this case k = 3 and the integral
over Gr(3, 5) Grassmannian is again localized on delta functions:
Ω31+4 =
∫
d3×5C
Vol[GL(3)]
Reg.(2)Reg.(3)
δ3×2 (C · λ˜) δ3×4 (C · η˜) δ2×2 (C⊥ · λ)
(123)(234)(345)(451)(512)
. (3.41)
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The Reg. functions are given by (m = 1):
Reg.(2) =
〈p2ξ2〉
κ∗2
(345)
(245)
, Reg.(3) =
〈p3ξ3〉
κ∗3
(512)
(412)
. (3.42)
Evaluating integral we get
∂4
∂η˜41
3∏
j=2
∂4
∂η˜4pj
Ω31+4 = δ
4
(
5∑
i=1
λiλ˜i
)
〈p2ξ2〉
κ∗2
[12]
[13]
〈p3ξ3〉
κ∗3
[34]
[35]
[35]4
[12][23][34][45][51]
. (3.43)
Expressing spinors in terms of external kinematical data using (2.24) with m = 1 and
n = 2 together with kT decomposition of off-shell momenta ki (qi = ξiξ˜i, i = 2, 3):
λ˜3 =
k2|p2〉
〈p2ξ2〉 =
κ∗2
〈p2ξ2〉 |p2], λ˜5 =
k3|p3〉
〈p3ξ3〉 =
κ∗3
〈p3ξ3〉 |p3], k
2
i = κiκ
∗
i , i = 2, 3, (3.44)
and similar expressions for λ˜2, λ˜4 we get (here we again dropped momentum conservation
delta function δ4(p1 + k2 + k3)):
∂4
∂η˜41
3∏
j=2
∂4
∂η˜4pj
Ω31+4 =
〈p2ξ2〉〈p3ξ3〉
κ∗2κ
∗
3
[p2p3]
3κ∗32 κ
∗3
3 〈p2ξ2〉−3〈p3ξ3〉−3
[1p2]κ∗2〈p2ξ2〉−1κ2κ∗2〈p2ξ2〉−1κ3κ∗3〈p3ξ3〉−1[p31]κ∗3〈p3ξ3〉−1
=
1
κ2κ3
[p2p3]
3
[1p2][p31]
. (3.45)
This is exactly the result of BCFW recursion [80] for A∗3,1+2(g
−
1 , g
∗
2, g
∗
3) amplitude:
A∗3,1+2(g
−
1 , g
∗
2, g
∗
3) = δ
4(p1 + k2 + k3)
1
κ2κ3
[p2p3]
3
[1p2][p31]
. (3.46)
It is interesting to consider amplitudes with only off-shell states present (m = 0). The
simplest example of this kind is given by A∗k,0+3(g
∗
1, g
∗
2, g
∗
3) amplitude. In this case k = 3
and integration goes over Gr(3, 6) Grassmannian. The Grassmannian integral in this case
is no longer trivial and does not localizes on delta functions. It can be however reduced
to the integral over one complex parameter τ , which in its turn could be evaluated by
taking residues (see [32, 103]). The result of BCFW recursion for this amplitude is given
by [80]:
A∗3,0+3(g
∗
1, g
∗
2, g
∗
3) = δ
4(k1 + k2 + k3)(1 + P
′ + P′2)
1
κ∗1κ3
〈p1p2〉3[p2p3]3
〈p2|k1|p2]〈p2|k1|p3]〈p1|k3|p2] ,
(3.47)
where P′ is the permutation operator shifting all spinor and momenta labels by +1 mod(3).
It should be stressed that this object can be considered as a correlation function of three
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gauge invariant operators given by Wilson lines. Now, let us proceed with the Grassman-
nian integral itself. The conjectured Grassmannian integral representation in this case is
given by the following integral
Ω30+6[Γ] =
∫
Γ
d3×6C
Vol[GL(3)]
3∏
i=1
Reg.(i)
δ3×2 (C · λ˜) δ3×4 (C · η˜) δ3×2 (C⊥ · λ)
(123)(234)(345)(456)(561)(612)
, (3.48)
where
Reg.(1) =
〈p1ξ1〉
κ∗1
(234)
(134)
, Reg.(2) =
〈p2ξ2〉
κ∗2
(456)
(356)
, Reg.(3) =
〈p3ξ3〉
κ∗3
(612)
(512)
. (3.49)
As we already mentioned this integral can be reduced to the integral over single com-
plex parameter τ . Next, we fix GL(3) gauge as in [3] in the case of NMHV6 amplitude.
The minors (123), (345), (561) in this case will became linear functions of parameter τ
and we choose integration contour identical to the case of NMHV6 amplitude. This choice
means, that we are interested in residues at the zeros of minors (123), (345) and (561),
which we will label {1}, {3}, {5}. The corresponding integration contour Γ = Γ135 just
encircles these poles and we get
3∏
j=1,3,5
∂4
∂η˜4j
Ω30+6[Γ135] = {1}+ {3}+ {5}. (3.50)
In the case of {1} residue the corresponding minors are given by
(123)(τ) = τ〈13〉[46], (512)|τ=0 = 〈12〉〈13〉 , (134)|τ=0 =
[56]
[46]
,
(356)|τ=0 = 〈3|1 + 2|4]〈13〉[46] , (561)|τ=0 =
〈1|2 + 3|4]
〈13〉[46] , (345)|τ=0 =
〈3|1 + 2|6]
〈13〉[46] ,
(3.51)
and for the residue {1} itself we get
{1} = δ4(k1 + k2 + k3)〈p1ξ1〉〈p2ξ2〉〈p3ξ3〉
κ∗1κ
∗
2κ
∗
3
1
〈13〉[46]
1
(134)(345)(356)(561)(512)
∣∣∣
τ=0
= δ4(k1 + k2 + k3)
〈p1ξ1〉〈p2ξ2〉〈p3ξ3〉
κ∗1κ
∗
2κ
∗
3
〈13〉3[46]3
〈12〉[56]〈3|1 + 2|4]〈3|1 + 2|6]〈1|5 + 6|4] ,
(3.52)
where we used the definition of external kinematical variables from (2.24) with m = 0
in the argument of momentum conservation delta function. The other residues can be
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obtained by the action of permutation operator P shifting labels of λi and λ˜i spinors by
+1 mod(6)
{3} = δ4(k1 + k2 + k3)〈p1ξ1〉〈p2ξ2〉〈p3ξ3〉
κ∗1κ
∗
2κ
∗
3
P
2 〈13〉3[46]3
〈12〉[56]〈3|1 + 2|4]〈3|1 + 2|6]〈1|5 + 6|4] ,
(3.53)
{5} = δ4(k1 + k2 + k3)〈p1ξ1〉〈p2ξ2〉〈p3ξ3〉
κ∗1κ
∗
2κ
∗
3
P
4 〈13〉3[46]3
〈12〉[56]〈3|1 + 2|4]〈3|1 + 2|6]〈1|5 + 6|4] .
(3.54)
Using the definition of external kinematical variables (2.24) in other parts of expression
for {1} residue and dropping for brevity overall momentum conservation delta function
we get
{1} = 〈p1ξ1〉〈p2ξ2〉〈p3ξ3〉
κ∗1κ
∗
2κ
∗
3
〈p1p2〉3[p2p3]3κ∗32 κ∗33 〈p2ξ2〉−3〈p3ξ3〉−3
κ3κ∗3〈p3ξ3〉−2〈p1ξ1〉κ∗3κ∗22 〈p2ξ2〉−2〈p2|k1|p2]〈p2|k1|p3]〈p1|k3|p2]
=
1
κ∗1κ3
〈p1p2〉3[p2p3]3
〈p2|k1|p2]〈p2|k1|p3]〈p1|k3|p2] . (3.55)
The other residues are then given by
{3} = P′{1}, {5} = P′2{1}. (3.56)
So, we see that indeed the following relation holds
3∏
j=1,2,3
∂4
∂η˜4pj
Ω30+6[Γ135] = {1}+ {3}+ {5} = A∗3,0+3(g∗1, g∗2, g∗3), (3.57)
and our conjectured Grassmannian integral correctly reproduces 3-point amplitude with
three off-shell gluons or equivalently color ordered correlation function of three Wilson
line operators:
〈0|Wc1p1(k1)Wc2p2 (k2)Wc3p3 (k3)|0〉tree = g tr(tc1tc2tc3)A∗3,0+3(g∗1, g∗2, g∗3)
+ g tr(tc1tc3tc2)A∗3,0+3(g
∗
1, g
∗
3, g
∗
2). (3.58)
Now let us consider two 4-point amplitudes with two off-shell gluons, which we will
need when discussing the vacuums for amplitudes with two off-shell gluons in the con-
text of the auxiliary gl(4|4) spin chain in the next section. The Grassmannian integral
representation for A∗2,2+2(1
∗, 2∗, 3+, 4+) is given by
Ω22+4 =
∫
Γ
d2×6C
Vol[GL(2)]
2∏
i=1
Reg.(i)
δ2×2 (C · λ˜) δ2×4 (C · η˜) δ4×2 (C⊥ · λ)
(12)(23)(34)(45)(56)(61)
, (3.59)
16
where
Reg.(1) =
〈p1ξ1〉
κ∗1
(23)
(13)
, Reg.(2) =
〈p2ξ2〉
κ∗2
(45)
(35)
. (3.60)
Fixing GL(2) gauge as
C =
(
1 0 c13 c14 c15 c16
0 1 c23 c24 c25 c26
)
. (3.61)
and solving delta functions constraints we get
c1i =
〈2i〉
〈21〉 , c2i =
〈1i〉
〈12〉 . (3.62)
Performing required spinor substitutions
λ1 = |p1〉, λ2 = |ξ1〉, λ3 = |p2〉, λ4 = |ξ2〉, λ5 = |3〉, λ6 = |4〉. (3.63)
the considered off-shell amplitude is given by
A∗2,2+2(1
∗, 2∗, 3+, 4+) =
∏
j=1,3
∂4
∂η˜4j
Ω22+4 =
1
κ∗1κ
∗
2
〈p1p2〉3
〈p23〉〈34〉〈4p1〉δ
4(k1 + k2 + p3 + p4).
(3.64)
in total agreement with the result of BCFW recursion [80]. The consideration ofA∗(1∗, 2∗, 3−, 4−)
amplitude is similar. The Grassmannian integral representation in this case is given by
Ω42+4 =
∫
Γ
d4×6C
Vol[GL(4)]
2∏
i=1
Reg.(i)
δ4×2 (C · λ˜) δ4×4 (C · η˜) δ2×2 (C⊥ · λ)
(1234)(2345)(3456)(4561)(5612)(6123)
, (3.65)
where
Reg.(1) =
〈p1ξ1〉
κ∗1
(2345)
(1345)
, Reg.(2) =
〈p2ξ2〉
κ∗2
(4561)
(3561)
. (3.66)
and C-matrix after gauge fixing
C =


1 0 0 0 c15 c16
0 1 0 0 c25 c26
0 0 1 0 c35 c36
0 0 0 1 c45 c46

 . (3.67)
Solving delta functions constraints
c15 =
[16]
[56]
, c16 =
[15]
[56]
, c25 =
[26]
[56]
, c26 =
[25]
[56]
,
c35 =
[36]
[56]
, c36 =
[35]
[56]
, c45 =
[46]
[56]
, c46 =
[45]
[56]
. (3.68)
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and performing required spinor substitutions
λ˜1 =
k1|ξ1〉
c1
, λ˜2 =
k1|p1〉
c1
= |p1]κ
∗
1
c1
, λ˜3 =
k2|ξ2〉
c1
, λ˜4 =
k2|p2〉
c2
= |p2]κ
∗
2
c2
, λ˜5 = |3], λ˜6 = |4],
(3.69)
with ci ≡ 〈piξi〉 and k2i = κiκ∗i , we get (dropping obvious momentum conservation delta
function):
A∗4,2+2(1
∗, 2∗, 3−, 4−) =
∏
j=1,3,5,6
∂4
∂η˜4j
Ω42+4 =
c1
κ∗1
[16]
[26]
c2
κ∗2
[23]
[24]
[24]4
[12][23][34][45][56][61]
=
c1
κ∗1
c2
κ∗2
[p1p2]
4c−42 c
−4
1 κ
∗4
1 κ
∗4
2
κ1κ∗1c
−1
1 c
−1
1 c
−1
2 κ
∗
1κ
∗
2κ2κ
∗
2c
−1
2 c
−1
2 c
−1
1 κ
∗
1κ
∗
2[p1p2][p23][34][4p1]
=
1
κ1κ2
[p1p2]
4
[p1p2][p23][34][4p1]
. (3.70)
This result is again in agreement with BCFW recursion [80].
3.2 momentum twistor representation
Using the results11 of [103] and the discussion in previous section it is easy to see, that
in the momentum twistor space the Grassmannian integral representation for amplitudes
with two off-shell gluons takes the following form12:
A∗k,m+2 =
∏
i=m+1,m+3
∂4
∂η˜4i
(
Ω2m+4 ω
k
m+4[Γtree]
)
,
ωkm+4[Γ] =
∫
Γ
d(k−2)×(m+4)D
Vol[GL(k − 2)]Reg.(m+ 1)Reg.(m+ 2)
δ4(k−2)|4(k−2)(D · Z)
(1 . . . k − 2) . . . (m+ 4 . . . k − 3) .
(3.71)
where the numeration of columns goes up to mod(m + 4)) and Reg. functions are given
by the following expressions
Reg.(m+ 2) =
1
1 + 〈pm+2ξm+2〉
〈pm+21〉
(m+4...m+4+k−3)
(1...1+k−3)
, (3.72)
Reg.(m+ 1) =
1
1 + 〈pm+1ξm+1〉
〈pm+1pm+2〉
(m+2...m+2+k−3)
(m+3...m+3+k−3)
. (3.73)
11We are referring the reader to [103] for the momentum twistor notation used here.
12The generalization to the cases with more off-shell legs is straightforward, also note that Ω2m+4 =
A∗2,m+2.
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In the case of k = 2 the matrix D is zero dimensional, all its consecutive minors equal to
one and nonconsecutive to zero. So, the integral in (3.71) is zero dimensional, integrand
equal to 1 and the result is given by A∗2,m+4.
For the k = 3 case we have
ω3m+4[Γ] =
∫
Γ
d1×(m+4)D
Vol[GL(1)]
Reg.(m+1)Reg.(m+2)
1
d1 . . . dmdm+1 . . . dm+4
δ4|4(D·Z), (3.74)
where
Reg.(m+ 2) =
1
1 + 〈pm+2ξm+2〉
〈pm+21〉
dm+4
d1
, Reg.(m+ 1) =
1
1 + 〈pm+1ξm+1〉
〈pm+1pm+2〉
dm+2
dm+3
. (3.75)
and the amplitude is presumably given by
A∗3,m+2(Ω1, . . . ,Ωm, g
∗
m+1, g
∗
m+2)
?
=
∏
i=m+1,m+3
∂4
∂η˜4i
(
Ω2m+4 ω
3
m+4[Γtree]
)
=
∏
i=m+1,m+3
∂4
∂η˜4i
(
Ω2m+4
{∑
i<j
cij [1i− 1ij − 1j]
})
.
(3.76)
Here Γtree is the [1, 2〉 contour for A3,m+4 on-shell amplitude and for cij coefficients we get
cij = 0, if there is no m+ 3 label among i− 1, i, j − 1, j. (3.77)
in other cases
cm+3j = 0, (3.78)
ci,m+3 =
1
1 + 〈pm+1ξm+1〉
〈pm+1pm+2〉
〈1i−1im+3〉
〈1i−1im+2〉
, (3.79)
ci,m+4 =
1
1 + 〈pm+2ξm+2〉
〈pm+21〉
〈1i−1im+3〉
〈i−1im+3m+4〉
, (3.80)
cm+2,m+4 =
1
1 + 〈pm+1ξm+1〉
〈pm+1pm+2〉
〈1m+1m+3m+4〉
〈1m+1m+2m+4〉
1
1 + 〈pm+2ξm+2〉
〈pm+21〉
〈1m+1m+2m+3〉
〈m+1m+2m+3m+4〉
. (3.81)
Now let us proceed with the particular examples of 4-point amplitudes with two off-
shell gluons, which will be required in the next section when considering auxiliary spin
chain. The A∗2,2+2(1
+, 2+, 3∗, 4∗) amplitude is given13 by leg relabeling in equation (3.64):
A∗2,2+2(1
+, 2+, 3∗, 4∗) =
1
κ∗3κ
∗
4
〈p3p4〉3
〈p41〉〈12〉〈2p3〉δ
4(p1 + p2 + k3 + k4). (3.82)
13See the discussion of k = 2 case above.
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In the case of A∗3,2+2(Ω1,Ω2, g
∗
3, g
∗
4) amplitude the results of the general k = 3 case con-
sidered above give:
A∗3,2+2(Ω1,Ω2, g
∗
3, g
∗
4) =
∏
i=3,5
∂4
∂η˜4i
(
Ω2m+4
{
c35[12345] + c36[12356] + c46[13456]
})
,
(3.83)
where
c35 =
1
1 + 〈p3ξ3〉〈1235〉
〈p3p4〉〈1234〉
, c36 =
1
1 + 〈p4ξ4〉
〈p41〉
〈1235〉
〈2356〉
, c46 =
1
1 + 〈p3ξ3〉
〈p3p4〉
〈1356〉
〈1346〉
1
1 + 〈p4ξ4〉
〈p41〉
〈1345〉
〈3456〉
.
(3.84)
We have checked, that expressed in terms of helicity spinors this expression reproduces
the result of BCFW recursion [80].
An interesting question is the spurious pole cancellation. As an example, let us con-
sider m = 3 case, which is an analog of n = 7 k = 3 on-shell amplitude. In the case of the
on-shell amplitude we have a term [12345] containing 〈3451〉 and 〈5123〉 spurious poles
canceling in the sum with the terms [13456] and [12356]. In the case of off-shell amplitude
the coefficient in front of [12345] term is zero c35 = 0. So, the natural question arises: will
this ruin the spurious pole cancellation? Surprisingly, no. In the off-shell case the terms
c46[13456] and c36[12356] are regular in the limits 〈3451〉 → 0 or 〈5123〉 → 0 as
c46 =
1
1 + 〈p4ξ4〉
〈p4p5〉
〈1346〉
〈1345〉
, (3.85)
c36 =
1
1 + 〈p4ξ4〉
〈p4p5〉
〈1236〉
〈1235〉
. (3.86)
However, unfortunately, more careful analysis indicates that initial conjecture about
the Γtree, which is [1, 2〉 BCFW contour for on-shell amplitudes is, strictly speaking,
incorrect, which can be seen via direct comparison with BCFW recursion results for
A∗3,m+2 ((3.76) is valid only for some helicity configurations). Correct contour Γ
off−shell
tree
should also include poles associated with Reg. factors. Taking into account contributions
from such poles one can obtain:
A∗3,m+2(Ω1, . . . ,Ωm, g
∗
m+1, g
∗
m+2) =
∏
i=m+1,m+3
∂4
∂η˜4i
(
Ω2m+4 ω
3
m+4[Γ
off−shell
tree ]
)
=
∏
i=m+1,m+3
∂4
∂η˜4i
(
Ω2m+4
{∑
i<j
cij [1i− 1ij − 1j]
})
.
(3.87)
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Here for cij coefficients we get
ci,m+3 =
1
1 + 〈pm+1ξm+1〉
〈pm+1pm+2〉
〈1i−1im+3〉
〈1i−1im+2〉
, (3.88)
ci,m+4 =
1
1 + 〈pm+2ξm+2〉
〈pm+21〉
〈1i−1im+3〉
〈i−1im+3m+4〉
, (3.89)
cm+2,m+4 =
1
1 + 〈pm+1ξm+1〉
〈pm+1pm+2〉
〈1m+1m+3m+4〉
〈1m+1m+2m+4〉
1
1 + 〈pm+2ξm+2〉
〈pm+21〉
〈1m+1m+2m+3〉
〈m+1m+2m+3m+4〉
, (3.90)
and in other cases cij = Aˆ, where Aˆ is shift operator, which shifts supertwistors Zm+2,Zm+4
as
Zm+2 7→ Zm+2 + 〈pm+1ξm+1〉〈pm+1pm+2〉Zm+3, (3.91)
Zm+4 7→ Zm+4 + 〈pm+2ξm+2〉〈pm+21〉 Z1. (3.92)
Such choice of the contour is also consistent with spurious pole cancellation condition.
Still, the question of the correct choice of integration contour Γtree for the general m+2n,
k case is open and interesting question.
For A∗4,2+2(1
−, 2−, g∗3, g
∗
4) amplitude k = 4 and gauge fixed D matrix takes the form
D =
(
1 0 d13 d14 d15 d16
0 1 d23 d24 d25 d26
)
. (3.93)
The delta functions constraints completely fix its entries in this case and we get (i = 1, 2):
di,3 = − 〈i456〉〈3456〉 , di,4 =
〈i356〉
〈3456〉 , di,5 = −
〈i346〉
〈3456〉 , di,6 =
〈i345〉
〈3456〉 . (3.94)
Then the Grassmannian integral for A∗4,2+2(1
−, 2−, g∗3, g
∗
4) evaluates to
A∗4,2+2(1
−, 2−, g∗3, g
∗
4) =
∏
i=1,2,3,5
∂4
∂η˜4i
(
Ω2m+4
〈1345〉〈1346〉〈1356〉〈2346〉〈2356〉〈2456〉
〈1234〉〈1236〉〈1256〉〈3456〉3
× [13456][23456]× 1
1 + 〈p3ξ3〉
〈p3p4〉
〈1235〉
〈1234〉
1
1 + 〈p4ξ4〉
〈p41〉
〈3451〉
〈3456〉
)
. (3.95)
We have checked that this expression is consistent with (3.70) up to spinor and momenta
relabeling.
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4 Off-shell amplitudes and auxiliary gl(4|4) spin chain
In [103] we have shown how (deformed) gauge invariant amplitudes with one leg off-shell
could be described using quantum inverse scattering method (QISM) and auxiliary gl(4|4)
spin chain. The purpose of this section is to show how this description extends to the
case of amplitudes with multiple off-shell gluons.
− − + + +
5 4 3 2 1
−→
1
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4
3
2
Figure 4: On-shell diagram construction via BCFW bridges for A5 amplitude
Originally auxiliary spin chain description of the on-shell tree-level amplitudes ap-
peared as a result of investigations of their symmetry properties. First, the Yangian sym-
metry, combining invariance under superconformal and dual superconformal transforma-
tions [9] was proven for on-shell tree-level amplitudes in [10]. Next, it was claimed [38,39]
that the Grassmannian integral representation for on-shell amplitudes (2.19) is the most
general form of rational Yangian invariant. The study of tree-level scattering amplitudes
within the context of QISM was started in [13,14], with the introduction of the notion of
spectral parameter, which was later interpreted as a deformed particle helicity. Next, the
authors of [15,16] proposed to study certain auxiliary spin chain monodromies. The intro-
duced monodromies depended on an extra auxiliary spectral parameter, while the spectral
parameters of [13, 14] played the role of spin chain inhomogeneities. Yangian invariants
and thus on-shell amplitudes are then found as the eigenstates of these monodromies. Fur-
ther, [17, 18] provided a systematic classification of Yangian invariants obtained within
QISM. Later QISM description was extended to form factors14 [77] and amplitudes with
one leg off-shell [103]. It should be noted, that in the last two cases the Yangian invariance
is explicitly broken by the corresponding vacuum states. Still, the machinery of QISM
could be applied in those cases also.
The auxiliary gl(4|4) spin chain in the case of on-shell amplitudes arises by writing
Yangian invariance condition as a system of eigenvalue equations for the elements of a
suitable monodromy matrix M(u) [15–17]:
Mab(u)|Ψ〉 = Cab|Ψ〉. (4.96)
14See also [76] for preliminary steps.
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Figure 5: On-shell diagram construction via BCFW bridges for A∗4+1 amplitude
Here u is the auxiliary spectral parameter and Cab are monodromy eigenvalues. The
monodromy eigenvectors |Ψ〉 are the elements of the Hilbert space V = V1 ⊗ . . . ⊗ Vn
with Vi being a particular gl(4|4) non-compact representation built using a single family
of Jordan-Schwinger harmonic superoscillators wA,wB, A,B = 1 . . . 8. The latter could
be conveniently written in terms of Heisenberg pairs
JAB = wAwB = xApB, xA =
(
λα,− ∂
∂λ˜α˙
,
∂
∂η˜A
)
, pA =
(
∂
∂λα
, λ˜α˙, η˜A
)
, (4.97)
with [xA, pB} = (−1)|A|δAB. Here [·, ·} denotes graded commutator and | · | - grading. A
vacuum state required in the construction of Yangian invariants |Ψ〉n,k corresponding to
the on-shell Nk−2MHV n-point tree-level amplitudes An,k is given by
|0〉k,n = δ+1 · · · δ+n−kδ−n−k+1 · · · δ−n , (4.98)
where δ+i ≡ δ2(λi) is the vacuum for the positive helicity state at position i and δ−i ≡
δ2(λ˜i)δ
4(η˜i) is the corresponding vacuum for negative helicity state. In the following we
will also need a graphical notation for the above vacuum states introduced in [77]:
+
i
= δ+i = δ
2(λi) ,
−
i
= δ−i = δ
2(λ˜i)δ
4(η˜i) . (4.99)
The monodromy matrix of the auxiliary spin chain expressed in terms of Lax operators
reads
M(u, {vi}) = L1(u, v1) . . .Lk(u, vk)Lk+1(u, vk+1) . . .Ln(u, vn), (4.100)
where vi are spin chain inhomogeneities and Lax operators Li(u, v) are given by
L(u, v) = u− v +
∑
a,b
eabJba . (4.101)
23
Here, the matrix eab acting in the auxiliary space is given by (eab)cd = δacδbd and the
action of Lax operators on vacuum states is given by
Li(u) δ+i = (u− 1) I δ+i , Li(u) δ−i = u I δ−i . (4.102)
The solution of the eigenvalue equation (4.96) provides us with the expressions for Yangian
invariants labeled by the permutations σ with minimal15 decomposition σ = (i1, j1) . . . (iP , jP )
[15, 17, 18]:
|Ψ〉 = Ri1,j1(u¯1) . . .RiP jP (u¯P )|0〉k,n (4.103)
where [15] (see also [16])
Rij(u) = Γ(−u)(xj · pi)u =
∫ ∞
0
dα
α1+u
e−α(xj ·pi). (4.104)
Here Γ is the Euler gamma function and
u¯p = vτp(ip) − vτp(jp), τp = τp−1 ◦ (ip, jp) = (i1, j1) · · · (ip, jp). (4.105)
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Figure 6: On-shell diagram construction via BCFW bridges for A∗3+2 amplitude
To describe amplitudes with one leg off-shell in [103] we required one additional in-
gredient - the vacuum state corresponding to minimal off-shell amplitude:
A∗2,2+1(2, 3) = A
∗
2,2+1(g
∗
1, 2, 3) =
1
κ∗
〈23〉
〈p2〉〈p3〉δ
2(λ˜2)δ
2(λ˜3)δ
4(η˜2)δ
4(η˜3), (4.106)
where (k is the off-shell gluon momentum and p is its direction)
λ˜2 = λ˜2 +
〈3|k
〈32〉 , λ˜3 = λ˜3 +
〈2|k
〈23〉 η˜2 = η˜2 +
〈p3〉
〈23〉 η˜p, η˜3 = η˜3 +
〈p2〉
〈32〉 η˜p.
(4.107)
15It means, that there is no other decomposition of σ into a smaller number of transpositions.
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Then, for example the deformed16 off-shell amplitude A∗2,3+1 could be written as [103]:
A∗2,3+1(u¯1, u¯2) = R23(u¯1)R12(u¯2)δ2(λ1)
1
κ∗
〈23〉
〈p2〉〈p3〉δ
2(λ˜2)δ
2(λ˜3)δ
4(η˜2)δ
4(η˜3), (4.108)
where λi, η˜i are defined in (4.107) and u¯1 = v32 = v3 − v2, u¯2 = v31 = v3 − v1. Using
definition of R operators (4.104) we get [103]:
A∗2,3+1(v1, v2, v3) =
1
κ∗
∫
dα2
α2
∫
dα1
α1
〈23〉
〈p2〉〈p3〉
(
1− α2 〈p3〉〈p2〉
)×
× δ2(λ1 − α1λ2 + α1α2λ3)δ2(λ˜2 + α1λ˜1)δ4(η˜2 + α1η˜1)δ2(λ˜3 + α2λ˜2)δ4(η˜3 + α2η˜2)
=
1
κ∗
1
〈p1〉〈12〉〈23〉〈3p〉
(〈23〉
〈13〉
)v31 (〈13〉
〈12〉
)v32
δ4(
3∑
i=1
λiλ˜i + k)δ
8(
3∑
i=1
λiη˜i + λpη˜p).
(4.109)
The off-shell amplitude A∗2,3+1 is recovered by setting deformation parameters to zero
vi = 0.
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Figure 7: On-shell diagram construction via BCFW bridges for A∗2+3 amplitude
To see what should be done to apply QISM machinery to amplitudes with multiple
off-shell gluons let us recall that we are actually have a systematic procedure to construct
a given on-shell diagram starting from its corresponding permutation [33]. The latter
procedure is known as a BCFW bridge addition construction. First, the permutation
is decomposed into a chain of consequent transpositions. Then each transposition (i, j)
is interpreted as a BCFW bridge. Finally, the obtained BCFW bridges are applied to
a corresponding empty vacuum diagram with the prescribed values of k and n17. The
16It is not clear what is the meaning of the deformation in the off-shell case as the Yangian invariance
is broken now, while the deformation was originally introduced to obtain the general Yangian invariant
expressions.
17See [33] for more details.
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BCFW bridge addition operation is given by
j i
f(λi, λ˜i, η˜i, λj , λ˜j , η˜j) = Rijf(λi, λ˜i, η˜i, λj , λ˜j , η˜j) =
∫
dα
α
f(λi − αλj , λ˜i, η˜i, λj, λ˜j + αλ˜i, η˜j + αη˜i) (4.110)
It is precisely the steps we are going through within QISM approach, the only difference
is that BCFW bridges or R operators are deformed now. So, to get QISM description
of a given on-shell diagram corresponding to some factorization channel of the off-shell
amplitude under consideration we divide it into a vacuum state and a sequence of bridge
additions or R operators acting on it. The examples of this division are shown in Figs.
4-7. The large black vertexes in the above figures correspond to minimal off-shell vertexes
(see Fig. 1), while small black and white vertexes to usual 3-point MHV and MHV
vertexes correspondingly. The easiest way to get explicit expressions of vacuum states,
corresponding to the parts of on-shell diagrams above the dashed line (see Figs. 4-7), is
to either use off-shell BCFW recursion [81,87] or our Grassmannian representation. This
way in the case of amplitudes with two off-shell gluons vacuum states are given (restoring
the dependence on Grassmann variables for on-shell states when needed) by the sum of
A∗2,2+2(1
+, 2+, g∗3, g
∗
4) (3.82), A
∗
3,2+2(Ω1,Ω2, g
∗
3, g
∗
4) (3.83) and A
∗
4,2+2(1
−, 2−, g∗3, g
∗
4) (3.95)
multiplied by the required number of vacuum states for extra on-shell states (4.99).
Finally, in out previous paper [103] we have shown, that gauge invariant amplitudes
with one leg off-shell are no longer eigenvectors of monodromy matrix of the auxiliary
gl(4|4) spin chain. The latter, however, turn out to be eigenvectors of corresponding
transfer matrix. The last property was the consequence of multiplicative renormalizability
of amplitudes with one leg off-shell. Thus, in the case of multiple off-shell gluons we are
again expecting amplitudes to have the same properties, in particular they should be
eigenvectors of transfer matrix.
5 Conclusion
In this paper we presented a conjecture for Grassmannian integral representation ofN = 4
SYM tree level gauge invariant off-shell amplitudes containing arbitrary number of off-
shell gluons or equivalently Wilson line form factors with an arbitrary number of Wilson
line operator insertions. The conjecture was successfully verified on multiple examples
known in the literature [80]. We have also derived some new closed formulas for off-
shell amplitudes with arbitrary number of on-shell particles and fixed number of off-shell
gluons. In addition we discuss the relation of our Grassmannian representation with the
integrability approach to the amplitudes of N = 4 SYM.
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It is remarkable that within our approach we can obtain Grassmannian integral repre-
sentation for amplitudes without on-shell particles et all, i.e. for correlation functions of
Wilson line operators (pure off-shell objects). This observation leads us to conjecture that
in fact all gauge invariant observables in N = 4 SYM (scattering amplitudes, form factors
and correlation functions of various gauge invariant operators, not necessary local) can
be uniformly represented in one way or another in terms of integrals over Grassmannian
or its subsets.
There are some open questions and possible further developments along the lines
considered in this article. First, it would be interesting to consider supersymmetrized
version of Wilson line operators. So far we have treated all on-shell states in manifestly
supersymmetric way, while the off-shell states were restricted to gluons only. It is tempting
to claim that the fully supersymmetric version of off-shell amplitude, where both on-shell
states and Wilson line operators are treated in supersymmetric way, will be given just by
Ωkm+2n[Γ] without any constraints on the Grassmann counterparts of 2n helicity spinor
variables parameterizing n off-shell momenta ki. However, we think that more accurate
consideration is necessary.
Next, it would be very interesting to fully uncover geometrical picture behind conjec-
tured here Grassmannian representation for off-shell amplitudes as well as similar repre-
sentations for form factors [71, 72, 77, 79]. It is interesting to see if the “Amplituhedron”
picture can be extended to all possible gauge invariant observables in N = 4 SYM. In
addition the combinatorial nature of modifications to on-shell diagram formalism used
here as well as in [77, 79, 103] remains mostly unexplored.
Despite the relation between integrable systems and Grassmannian representation of
off-shell amplitudes discussed here and in [103] some important questions remain unan-
swered. Namely, the present relation allows us to use auxiliary spin chain to add on-shell
legs to the amplitudes and it would be interesting if there is a similar approach based on
quantum inverse scattering method which would allow us to add additional off-shell legs.
In conclusion, we would like to note that it would be interesting to extended scatter-
ing equations and ambitwistor string approaches for the case of gauge invariant off-shell
amplitudes considered here. An important topic is the calculation of loop corrections
to gauge invariant off-shell amplitudes. Also, it is extremely interesting to see how the
ideas presented here and in [103] work in other theories, for example in gravity and su-
pergravity, where we have also a well developed approach based on high-energy effective
lagrangian [121–125], see also [126–130] for similar research along this direction.
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A A∗1+2(1
+, 2∗, 3∗) and on-shell diagrams
In this appendix we present the details of the calculation of the on-shell diagram cor-
responding to A∗1+2(1
+, 2∗, 3∗) amplitude. This particular example is the check of our
hypotheses about the structure of on-shell diagrams for off-shell amplitudes. Namely,
we expect that the on-shell diagrams for off-shell amplitudes could be obtained from the
corresponding on-shell diagrams for on-shell amplitudes by substituting on-shell vertexes
containing off-shell legs with the minimal off-shell vertexes (see Fig. 1). So, the on-shell
diagrams for off-shell gauge invariant amplitudes should be given by a combination of
ordinary MHV3, MHV3 on-shell amplitudes together with one additional off-shell vertex
A∗1+2 which should be glued with other parts of the on-shell diagram via on-shell legs only.
1
2∗3∗
l1l2
l
Figure 8: On-shell diagram with off-shell vertexes for A∗1+2(1
+, 2∗, 3∗) amplitude
Let’s see whether this prescription will reproduce us A∗1+2(1
+, 2∗, 3∗) amplitude. Cor-
responding on-shell diagram is shown in Fig. 8 and its expression is given by (the action
of projectors ∂4/∂4η˜p2 and ∂
4/∂4η˜p3 is assumed):
Ω =
∫ ∏
I=l,l1,l2
d2λI d
2λ˜I d
4η˜I
U(1)
A∗1+2(3
∗, l2, l)A
MHV
3 (l2, 1, l1)A
∗
1+2(l1, 2
∗, l), (A.111)
where
A∗1+2(3
∗, l2, l) =
1
κ∗3
δ4(k3 + λl2 λ˜l2 + λlλ˜l)δ
8(λp3 η˜p3 + λl2 η˜l2 + λlη˜l)
〈p3l2〉〈l2l〉〈lp3〉
A∗2+1(2
∗, l, l1) =
1
κ∗2
δ4(k2 + λl1 λ˜l1 + λlλ˜l)δ
8(λp2 η˜p2 + λl1 η˜l1 + λlη˜l)
〈p2l〉〈ll1〉〈l1p2〉 , (A.112)
and AMHV3 (l2, 1, l1) is defined in a usual way. Note, that for this particular amplitude
we have the following kinematical constraints λl1 ∼ λl2 ∼ λ1 coming from MHV vertex.
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Using our standard kT decomposition of off-shell momenta in terms of a pair of on-shell
one we have
k2 = k
′
2 + k
′′
2 , k
′
2 = |p2〉
k2|ξ2〉
〈p2ξ2〉 , k
′′
2 = −|ξ2〉
k2|p2〉
〈p2ξ2〉 ,
k3 = k
′
3 + k
′′
3 , k
′
3 = |p3〉
k3|ξ3〉
〈p3ξ3〉 , k
′′
3 = −|ξ3〉
k3|p3〉
〈p3ξ3〉 , (A.113)
and off-shell vertexes could be written in terms of the products of MHV4 on-shell ampli-
tudes and inverse soft factors as:
A∗1+2(3
∗, l2, l) = S
−1(k′3, k
′′
3 , l2)A
MHV
4 (k
′
3, k
′′
3 , l2, l)
∣∣∣
η˜k′′
3
=0
, S−1(k′3, k
′′
3 , l2) =
〈p3ξ3〉〈ξ3l2〉
κ∗3〈p3l3〉
,
A∗1+2(2
∗, l, l1) = S
−1(k′2, k
′′
2 , l1)A
MHV
4 (k
′′
2 , k
′
2, l, l1)
∣∣∣
η˜k′′
2
=0
, S−1(k′2, k
′′
2 , l1) =
〈p2ξ2〉〈ξ2l1〉
κ∗3〈p2l1〉
.
(A.114)
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k
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k
′
3
× 〈l1ξ2〉〈ξ2p2〉
κ∗2〈l1p2〉
〈l2ξ3〉〈ξ3p3〉
κ∗3〈l2p3〉
.
Figure 9: Regulated on-shell diagram for A∗1+2(1
+, 2∗, 3∗) amplitude
We may say, that we are ”blowing up” off-shell vertexes and express them in terms
of the products of four on-shell vertexes and inverse soft factor. This way our on-shell
diagram Ω transforms as depicted in Fig.9. Now we can use representation of MHV3
and MHV3 vertexes as integrals over ”small Grassmannians” Gr(2, 3) and Gr(1, 3) [3,33]
and integrate out internal on-shell variables. The result of this procedure can be written
as [3, 33]
Ω =
∮ 7∏
i=1
dfi
fi
δ2×2(C(fi) · λ˜)δ2×4(C(fi) · η˜)δ3×2(C⊥(fi) · λ)〈l1(fi)ξ2〉〈ξ2p2〉
κ∗2〈l1(fi)p2〉
〈l2(fi)ξ3〉〈ξ3p3〉
κ∗3〈l2(fi)p3〉
,
(A.115)
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where λ, λ˜ and η˜ except λl1(fi) and λl2(fi) variables may be reconstructed from the ordered
set of external on-shell momenta (k′3, k
′′
3 , 1, k
′′
2 , k
′
2) and one have to put η˜k′′2 = η˜k′′3 = 0. The
Grassmannian coordinates C(fi) could be read of from the on-shell diagram in Fig. 9.
The λl1(fi) and λl2(fi) are some unknown functions of Grassmannian coordinates fi and
external kinematical variables. However, accounting for constraints associated with MHV3
vertex we have
〈l1(fi)ξ2〉
〈l1(fi)p2〉 =
〈p1ξ2〉
〈p1p2〉 ,
〈l2(fi)ξ3〉
〈l2(fi)p3〉 =
〈p1ξ3〉
〈p1p3〉 , (A.116)
and take inverse soft factors out of the integration sign. Then, the integration over fi can
be rewritten in the following way:
Ω =
〈p1ξ2〉〈ξ2p2〉
κ∗2〈p1p2〉
〈p1ξ3〉〈ξ3p3〉
κ∗3〈p1p3〉
L25
∮
df
f
,
(A.117)
where the external kinematical variables in L25 are again constructed from the ordered
set of on-shell momenta (k′3, k
′′
3 , 1, k
′′
2 , k
′
2). Understanding the integration over
∫
df as
taking residue (i.e. dropping this factorized integral which corresponds to the ”bubble
reduction” [3, 33], see Fig.3) we finally obtain (the action of corresponding projectors on
Ω is assumed):
Ω =
〈p1ξ2〉〈ξ2p2〉
κ∗2〈p1p2〉
〈p1ξ3〉〈ξ3p3〉
κ∗3〈p1p3〉
L25 =
〈p1ξ2〉〈ξ2p2〉
κ∗2〈p1p2〉
〈p1ξ3〉〈ξ3p3〉
κ∗3〈p1p3〉
AMHV5 (k
′
2, k
′′
3 , 1, k
′′
2 , k
′
2)
∣∣∣
η˜k′′
2
=η˜k′′
3
=0
= A∗1+2(1
+, 2∗, 3∗). (A.118)
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